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University of California, Berkeley STAT 134: Concepts of Probability Summary

Section 0: Prerequisite

Set Theory Definition: A set if an unordered collection of elements. It looks like S = {X € A: "property"}.

Some basic properties and identities about sets:
Basics:

1. |{@| means an empty set.

2. means the object a is an element of the set A.
3. means A is a subset of B.

4|/A=Be< AS Band B C A|.

4. for every set A.
Operations:
1. is called the union of A and B, whose elements are the elements of A and B.

2. is called the intersection of A and B, whose elements are the elements common to 4 and B.
3. is called the difference of A and B, whose elements are those elements of A that are not members of B.
4. Associativity: (AU (BUC) = (AUB) U C|

[An(BNnC)=@AnB)nC|
5. Commutativity:[AU B = BU 4|,

JANB=BnA|

6. Distributivity:[AU (BN C) = (AUB) N (AU 0)|,

[AnN(BUC)=(ANnB)U(ANn0)|

7. ldempotency: [AU A = 4],

[AnA = 4]
=
8. Identity: [A N Q = 4],
[Auo = 4]
9. Domination: [AU Q = Q],
[Ano=9]
10. Complementation: ,
[A=1-4
[Avac=9]
Ao

11. De Morgan’s: |(A N B)¢ = A°UB° |,
[(A°UBY = &° n B°]




12. Absorption: [A U (AN B) = A|
[An(AUB) = 4|

Notations:
1. Union: UjL;4; =A1 UA, U ...UA,_{ UA,.
2. Intersection:N}-;A; = A1 NA, N ..NA,_ 1 NA,.

Counting

1. One-to-one Correspondence
If A is a set consists of finite elements, there is a one-to-one correspondence between the elements in A and elements B. Then we know that B is
finite and 4 and B have the same number of elements.

2. Addition Principle
If a first task can be done in n; ways and a second task can be done in n, ways, and if these tasks cannot be done at the same time, then there are

ways to do both tasks.

3. Multiplication Principle
If experiment A has m outcomes and B has n outcomes, then the sequence of experiments (4, B) has outcomes.

4. Permutations

A permutation is an ordered arrangement of objects. It is well-known as the number of orderings for elements. If we have a set § =
{A1,A,, ..., A1, A}, and we need to choose r elements and put them in order, then the number of orderings is as follow.

1) Without Replacement

n!

P(n,r) = mznx(n—l)x wXn—r+1)

If we do permutation with k repeated elements, each element contains a, b, c, ..., oo items repeated, we use the following formula
P(nr) (n%lr)l _ nx(n=1)x...x(n-r+1)

al-blcl-..  alblcl.. al-bl-cl-...

2) With Replacement

5. Combinations

A combination is an unordered arrangement of objects. It is well-known as the binomial coefficient. If we have aset S = {4, 4,, ..., Ap_1, An},
and we need to choose r elements, no matter what the order is, then the number of combinations is as follow.

1) Without Replacement

_ (n\ _ P(nr) _ n!
C(Tl, T') - (T) T P ri(n-n)!
2) With Replacement
R _ (TL+T—1)!
() = ri(n-r)!




Section 1: Introduction to Probability

Definition To define probability, we start with an outcome space (2, and assign to each element a nonnegative number and require that all numbers add up to
1.
Axioms We define Q as the outcome space and A as one of its events.

Axiom I: P(A) = 0forall A € Q.
Axiom I1: P(Q) = 1.
Axiom I11: If A and B have no element in common, then P(A U B) = P(A) + P(B).

A system of outcome spaces together with a defined assignment of numbers P (A), satisfying all the axioms above, is called a field of probability.

Equally Likely If all outcomes in a finite set Q are equally likely, the probability of A is the number of outcomes in A divided by the total number of outcomes,
Outcomes P(4) = number of A
" number of Q

which is

Probability defined by this formula for equally likely outcomes are fractions between 0 and 1. The number of 1 represents certainty, which means

P(Q) = 1| The number of 0 represents impossibility, which means [P(@) = 0|.

Interpretations 1. Frequency
Long run proportion of occurrence converges to a number, and this number is probability. B,(4) = P(A) for large n.

2. Baysian/Subjective
Probability if a degree of certainty of an outcome.

3. Mathematics
Probability is a function that takes in collections of outcomes and give a number.

Difference between Statistics and Probability: In general, Statistics and Probability are inverse. Statistics is that given the sample we have, we
want to predict the population. However, probability is that given the population, we want to predict the sample we will get.

Basic Probability 1. .
Rules 2 P@=1]
3.|P(@) = 0|

4, |P(A N B) = P(A and B) = P(both event A occurs and event B occurs) |

5. |P(A U B) = P(A or B) = P(event A occurs or event B occurs or both occur) |
6. if event|A and event B have no element in common|

7.[P(AUA®) =P(Q) = 1|

8.[P(AnA°) =P(p) = 0]




Addition Rule

Suppose we have an outcome space (, and we also have two events A and B. Assume A and B have no element in common.
|[P(AUB) = P(A) + P(B)|

Proof:
We know that P(A U B) = P(A) + P(B) — P(A n B) (inclusion-exclusion rule). We also know that P(A n B) = P(@) = 0 when A and B have
no element in common (basic rule of probability). As aresult, P(AUB) = P(A) + P(B). m

Difference Rule

Suppose we have an outcome space (2, and we also have two events A and B. Assume B € A.
|P(A\B) = P(4) — P(B)]

Proof:

Since B < A, then we know that P(A N B) = P(B), P(A U B) = P(A). We also know that P(A\B) = P(A n B¢) (basic probability conversion).
P(A)=P(ANB)+P(ANBY) =P(A)+P(B)—P(ANB)=P(AUB) = P(B) + P(ANB°) = P(A) = P(AN BS) = P(A) — P(B). Asa
result, P(A\B) = P(A) — P(B). m

Partitioning Rule

Suppose we have an outcome space 2, and we also have two events A and B. (It is easy to prove this by using Ven Diagram)
|[P(4) = P(ANB) + P(AN B)|

Complement Rule

Suppose we have an outcome space 2, and we also have one event A.
[P(A°) =1 P(A)|

Proof:
We know that P(A U A°) = P(A) + P(A°) — P(A n A°) = P(Q) = 1 (inclusion-exclusion rule and Axiom II). We also know that P(A n A¢) =
P (@) = 0 (basic rule of probability). As a result, P(AU A°) = P(A) + P(A°) =1=>P(A)=1—P(A°). m

Inclusion-Exclusion
Rule

Suppose we have an outcome space 2, and we also have two events A and B, which have elements in common.
|[P(AuB) =P(A) +P(B) — P(AN B)|

Proof:
We can consider P(A U B) = P(A) + P(B n A€) (basic probability conversion). We can also know that P(B) = P(B N A) + P(B n A°) =
P(B N A°) = P(B) — P(B n A) (partitioning). As aresult, P(AUB) = P(A)+ P(B) —P(BNA). m

General Formula of Inclusion-Exclusion:
P(U?:]_ Al) = P(E‘lnzlAl) - P(2i<anAi n Aj) + P(Zi<j<kSnAi N A] n Ak) + + (—1)n+1(Ai n A] n..N ATL)

Proof:

Base cases: Whenn = 1, P(Uj_; 4;) = P(A;). Whenn = 2, P(U7_; 4;) = P(E114;) — P(Zi<j<24; N A7) = P(A1) + P(42) — P(A; N A4).
Inductive hypothesis: We assume that P(Ul-; 4;) = P(E]-14;) — P(Sicjendi N A;) + P(Zicjckendi N Aj N AR) + -+ (=1)™ (A4, N 4; N
..N A,) is always true for positive integer n.

Inductive step: P(U! 4;) = P(UIL; 4; U Apyq) = P(UIL; 4) + P(Any1) — P(UIL; A; N Apyq) (use the base case). As a result, the claim is
trueforalln. m




Conditioning

1. We usually denote the following probability as “The probability of A given B.”

— P(ANB) __ P(BNA)
P(A|B) = P(B)  P(B)

2. By the multiplication rule, we have the following formula.
|[P(AnB) =P(BNnA)=P(B)P(AIB) = P(4) - P(B|A)]

3. By partitioning, we have the following formula.
|[P(A) =P(AnB) + P(ANn B°) = P(B) - P(A|B) + P(B°) - P(A|B°)|

4. Suppose we have n events, which are A4, 4,, ..., A,,, then we have the multiple events conditioning multiplication rule as following.
|[P(A,nA,n..n4,) = P(A;) - P(A;]A;) - P(A3]A; N Ay) - .- P(Ax]A1 N Az N . Ayy))|

Independence

We say A and B are independent in any of the following cases.
1.|P(A|B) = P(A)|

2.|P(B|A) = P(B)]

3.|P(AIB) = P(A|B9)|

4.|P(B|A) = P(B|AY)|

5.|P(AnB) = P(A) - P(B)|

Independence vs Mutually Exclusive

Mutually exclusive: P(An B) = 0.

Independent: P(AN B) = P(A) - P(B).

Both mutually exclusive and independent: |P(A NB)=P(A) -P(B) = 0| (at least one of P(A) and P(B) is zero).

Pairwise, Mutually,
and Three-events
Independence

We say events A, B, C are pairwise independent if and only if P(An B) = P(A) - P(B),P(ANC) = P(A) - P(C),and P(BNC) = P(B) -
P(0).

We say events A, B, C are mutually independent if and only if P(ANn B N C) = P(A) - P(B) - P(C).

As a result, events 4, B, C are independent if and only if they are (1) pairwise independent (P(A N B) = P(A) - P(B), P(ANC) = P(4) -
P(C),and P(B N C) = P(B) - P(C)) and (2) mutually independent (P(AN B N C) = P(A) - P(B) - P(C)).

Bayes’ Rule

P(ANB) __ P(B|A)-P(A)

P(4lB) = P(B) _ P(BJA)-P(A)+P(BJAC) P(A°)

In general, let A; = {44, 4,, ..., A, } and B be events, where 4; are disjoint, UL, 4; = Q, and P(4;) > 0 for all i. Then we get the general

P(B|Aj)-P(4))
formula P(AJ|B) = m




Section 2: Random Variables

Random Variable

A random variable, X, is the outcome of an experiment, from outcomes to real numbers. For example, let’s flip a two-sided coin two times. X =
the number of heads. X = 1 is an event that there is only one head. P(X = 1) = (i) -p - (1 —p)t. We can write is as Bin(2,p).

X: Q = R (Thisis a function) X has a probability distribution:
o s [0 T3>
TH = 1 PX) | 1/4 | 1/2 | 1/4
T = 0

Joint Distribution

Let (X, Y) be the joint outcome of 2 random variables X, Y. The event (X = x,Y = y) is the intersection of events X = x and Y = y. For
example, we toss a coin twice and we have a random variable X = number of heads and a random variable Y = number of tails. We know that
[PX=xnY=y)=P¥ =ylX=x)-P(X =x)|

Y\ X 0 1 2 Dist. Y
0 0 0 1/4 1/4+0+0=1/4 Distribution of Y
1 0 1/2 0 0+1/2+0=1/2
2 1/4 0 0 0+0+1/4=1/4 Marginals of Y
Dist. X 0+0+1/4=1/4 | 0+1/2+0=1/2 | 1/4+0+0=1/4

Distribution of X Marginals of X

The joint table of X and Y also means the distribution of (X, Y). The marginal probability of Y is also the distribution of Y, which is
|P(Y) = Z,exP(X,Y)| The marginal probability of X is also the distribution of X, which is |P(X) =X,erP(X,Y) |

If the random variables X, Y are independent, the diagonal of the table will be nonnegative numbers and others are zero.

Properties of Random
Variable

Suppose f and g are two functions, f = g if and only if f(x) = g(x) for all x.

If random variables X =Y, then they have the same distribution |P(X =w) =P =w) |

If X has the same distribution of Y, then any statement about X has the same probability as the corresponding statement about Y, and g(X) has
the same distribution as g(Y), for any function g. |P(a <X<b)=P@<Y< b)|for all a and b. This also holds for any other forms such as

|P(a <X? <b)=P(a<Y?<Dh)|

For each possible value x of X, as y varies over the range of Y, the probability P(Y = y|X = x) defines a probability distribution over the range
of Y. This probability distribution, which may depend on given value of x of X, is called the conditional distribution Y given X = x. By the

multiplication rule, we can get|[P(X =xNY =y) = P(X =x) - P(Y = y|X = x)|

If X and Y are independent, then|[P(X =xNY =y) = P(X = x) - P(Y = y)|forall x and .
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The following three conditions are equivalent:

1. X and Y are independent.

2. The conditional distribution of Y given X = x does not depend on x.
3. The conditional distribution of X givenY = y does not depend on Y.

The distribution of X is symmetric about 0 if[P(X = —x) = P(X = x)|for all x.

Expectation

Definition: Expectation is an operator that takes a random variable and returns its mean, which is a real number. X must take values in real
numbers. It is also called mean of first moment.

If X takes finitely many values, then |E(X) = Z,k - P(X = k)|, where k ranges all values taken by x. As a result, |min(x) < E(X) < max (x)|

Linearity of expectation:

1.|E(c) = c|, where c is a constant.

2.[E(X+Y)=EX) + E(Y)| #X,Y do not need to be independent.
3.|E(aX + b) = aE(X) + b|, where a and b are constants.

If random variables X and Y have the same distribution, then |E(X) = E(Y)|.

If random variables X and Y are independent, then [E(XY) = E(X) - E(Y)|

Expectation of a function of a random variable: E(X) = Z,exx - P(X =x) = E(g(X)) =2exg(x) - P(X = x)

Expectation of (X, ¥) joint distribution: |[E(g(X,Y)) = 24 x,9(x,¥) - P(X = x,Y = y)

Indicator:
An indicator is a random variable that has only two values 1 (with probability p) and 0 (with probability 1 —p). Then E(I) =1-p+0-
(1 — p). Random variables that are counts can often written as a sum of indicators.

Markov Inequality

EE)
gl

LetX > 0, a = 0, E(X) is the center of the distribution, we then have our Markov inequality |P(X = a) <

Tail sum:
Suppose X is a random variable and takes values 0, 1, 2, ...,n. Then we have E(X) = Z}_gk - P(X =k)=0-PX=0)+1-PX=1) + -+
n-P(X =n).Since 0- P(X = 0) = 0. Asaresult, we have [E(X) = X}, P(X 2 k) =P(X > 1)+ P(X = 2) + -+ P(X = n)|




Variance and Definition: Variance is a measure of fluctuation. Standard deviation is the average spread of the data around the mean.
Standard Deviation

Variance of a random variable is also called the second central moment of a random variable |Var(X)|= E(X? — p) = E(X? — 2Xu + u?) =
E(X?) — EQXp) + 42 = E(X?) — 2uE(X) + u? = E(X?) — 2u% + 12 = |[E(X?) — (E(X))*|OR |Var(X) = E ((X - E(X))Z) .

- Usually, E(F (X)) = f(ECD).

Then [SD(X) = \/E(XZ) — (E())*|OR[sD(X) = \/E ((X—E(X))2

N——

Properties:
If X and Y are independent, then —EX+Y)2— (EX) +EY)) = E(X2) + 2E(X)E(Y) — E(Y?) — 2E(V)E(X) =
|Var(X) + Var(Y) |

|SD(aX + b) = |alSD(X)]

|Var(aX +b) = aZVar(X)|

Chebyshev Inequality | For any random variable X, and any k > 0, we have the Chebyshev inequality

P(IX —E@I 2 k-SD(x)) < 5 & P(X - E(x)| 2 t) <05

Standardized Chebyshev is P(X" = k) < "2 = |p(|X"| 2 1) < |
Central Limit If there is a random variable X = {X;, X,, ..., X, }, which every element is independent and identically distributed (iid). Then we have the
Theorem following formula.

|P(a < X" < b) = P(a < Z < b)|, which is standard normal N (0,1). As n goes to infinity, P(a < X* < b) = ®(b) — ®(a).

Section 3: Discrete Distributions

Bernoulli Distribution | Bernoulli distribution is used when there are only two outcomes, success (p) and failure (1—p). We denote Bernoulli distribution as Ber(p).

(independent, 2
outcomes) Probability mass function (PMF): [P(1) = p,P(0) = 1 — p|

Expectation/Mean: [p] Standard deviation: |np(1 — p)




Binomial Distribution

(independent, 2
outcomes)

Suppose we have n independent (with replacement) Ber(p) trials (n = 1,2, ...), with p is the probability of success on each trial (0 < p < 1).
We define k as the range {0,1,2, ..., n}. We denote Binomial distribution as Bin(n, p).

Probability mass function:|P(k) = P(S = k) = (}) - p* - (1 —p)"7*
successes in n independent trials with probability p of success on each trial) = X; + X, + --- + X,,, where X; = indicator of success on trial i.

is the chance of have each number (k) of success, where S = (humber of

The total chance of having all the number (from 1 to k) of success is |Zj-oP(k) = ,’}=0(2) -p* . (1 —p)** = 1| This is also how we calculate
the exact probability from a binomial distribution.

Mode: |Mode of Bin(n,p) = |np + pj|
1) k<np+pifandonlyif P(k —1) < P(k).
2) k=np+pifandonlyif P(k —1) = P(k).
3) k>np+pifandonlyif P(k —1) > P(k).

Standard deviation: [SD(S) = /Var(X) = Vo2 = ¢ = \/np(1 — p)

Pl _ _ (poea-pnk
P(k=1) (1) pkt-(-pnka

Expectation/Mean: [E(S) = u = np|

. . -k .
Consecutive odd ratio: =2". _P_I(decreasing)
k+1 1-p

Special case: Bin(1,p) = Ber(p), distribution of the indicator of an event A with probability P(4) = p.

Approximations:
1. Normal Approximation
It is difficult to calculate the exact probabilities with the binomial format. It is easier to calculate the area under the normal curve. Bin(n,p) =

N(np,/np(1 —p)) whenn > 20 and o = \/np(1 — p) is sufficiently large.

_1.(k—_u)2
2 o

Then P(k)z§.¢("‘_“)=l. 1

- 5 Tl , Where ¢ (%) = ¢(z) is the standard normal density function.

b+=— -2
We also have [P(a to b) = ® (%) - ® (M) , Where @ is the standard normal cumulative distribution function.

g

# Notice here we use continuity correction (£0.5) since binomial distribution is discrete and we are using normal distribution, which is
continuous, to approximate it.

z _1yp(1-p)
2

zl_%\/p(l—p)
ﬁ - = |-

or

>
I+

We can get a confidence interval using the normal approximation u + z, a0 =np £ 21_1,/np(1 -p=|pt
2 2
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# If nis large, it is natural to expect that the unknown probability p is most likely fairly close to p.

2. Poisson Approximation
For cases when p is very small (or p is close to 1) and n is large, we can use Poisson distribution to approximate Binomial distribution.
Bin(n,p) = Pois(no) = Pois(u).

k
We have the chance [P(k) =~ e™* - % for each number (k) of success.

# Notice here we don’t use continuity correction (0.5) since both Binomial distribution and Poisson distribution are discrete.

Multinomial Suppose we have n independent (with replacement) trials (n = 1,2, ...). We define k as the range {0,1,2, ..., n} and n; = {n4,n,, ..., n; }. For
Distribution each trial of n;, we have p is the probability of success (0 < p < 1).
(independent, k
outcomes) Probability mass function (PMF): |P(nq,n,, ..., ng) = (n1 n:___nk) -p™M-pTz. - pTk
Hypergeometric Suppose we have n dependent (without replacement) trials (n = 1,2, ...). We define N as the total population size, G as the number of good
Distribution elements in the population, g as the number of good elements in the sample n. N = G + B and n = g + b. We denote Hypergeometric
(dependent, 2 distribution as HG(N, G, n). Let S be the distribution of the number.
outcomes)
. . e~ (@@ _ (5B : :
Probability function: |P(g) = P(S=g) = (g) ™ = is the chance of getting g good elements and b bad elements in the random
sample of size n. The random variable is S = number of good elements in sample = X; + --- + X,,, where X; = indicator of the event that the
ithh element sampled is good. These indicators are dependent due to sampling without replacement. But each indicator has the same Ber(p)
distribution, where p = % = P(X; = 1) = P(ith elementis good) foreachi =1, ...,n.
- . - np — iation: = =Vol=¢g= ). [N
Expectation/Mean: [E(S) = np = | Standard deviation: |SD(S) = \/Var(S) = Vo2 =g = \Jnp(1-p) - |7—
# Mean is the same as for sampling with replacement. But the SD is decreased by the correction factor of /%
Multivariate Suppose we have n dependent (without replacement) trials (n = 1,2, ...). We define N as the total population size, G = {Gy, ..., Gi.} as the
Distribution number of good elements in the population, g; = {g1, .., gx} as the number of good elements in the samplen. N = G; + -+ G, and g = g; +
(dependent, k g
outcomes)

(s)(52)G8)

Probability mass function (PMF): |P(g1,92, -, gx) = @)
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Poisson Distribution

We define p as the mean number and k is the range {0,1,2, ... }. We denote Poisson distribution as Pois(pu).

k
Probability mass function (PMF): |P(k) = P(NH = k) =ek % for k = 0,1,2, .... N, is the number of arrivals in a given time period in a

Poisson arrival process, of the number of points in a given area in a Poisson random scatter, when the expected number is u.

Expectation/Mean: |[E(N,) = u Standard deviation: |SD () = /Var(S) = Vi

Geometric
Distribution

We define p as the success probability with the range n € {1,2, ... }. It is the distribution of the waiting time T to first success in independent
trials with probability p success on each trial.

Probability mass function (PMF): |P(n) =P(T=n)=(1- p)”‘1p|, wheren € {1,2,...}. Let F = T — 1 denote the number of failures
before the first success. The distribution of F is the geometric distribution on {0,1,2, ... }.

Tail probabilities: |[P(T > n) = P(first n trials are failures) = (1 — p)"|

Standard deviation: |SD(T) = /Var(T) = L2

Expectation/Mean: [Mean = E(T) = % .

Negative Binomial

We define p as the success probability with the range n € {0,1,2, ... }. Moreover, we define r as the number of successes. It is the distribution of
the number of failures F. before the rth success in Bernoulli trials with probability p of success on each trial.

Probability mass function (PMF): |P(F. =n) =P(T, =n+r) = (":f;l)pr(l —p)"|, where n € {0,1,2, ...}, and T, is the waiting time to the

rth success. The distribution of T, = F,. + r is the negative binomial distribution on {r,r + 1, ... }.

Expectation/Mean: [Mean = E(E,.) = T(lp_p) Standard deviation: [SD(F,) = /Var(F.) = —Vr(;_p)

Sum of geometrics: The sum of r independent geometric (p) random variables on {0,1,2, ...} has negative binomial (r, p) distribution.

Section 4: Continuous Distributions

Uniform Distribution

1. Uniform distribution on a finite set
This is the distribution of a point picked at random from a finite set Q, so that all points are equally likely to be picked. For A < Q.

#(A
PA) =31

Density function (PDF): |fx(x) = ﬁ , Where a < x < b. The probability of any subinterval of (a, b) is proportional to the length of the

subinterval.

Cumulative distribution function (CDF): [P(X < x) = 0,if x < a|

11




PX<x)=1—,ifa< x<bh

|[P(X <x) =1,if x > b|

a+b

Expectation/Mean: |E(X) = —~ Standard deviation: |[SD(X) = [£=2°

12

Special cases:
1. Bernoulli (1/2) distribution: uniform distribution on {0,1}.
2. The number of a fair-die roll: uniform distribution on {1,2,3,4,5,6}.

n+1

3. Uniform distribution on {1,2, ..., n}: Let X have uniform distribution on the integer 1 to n. Then E(X) = -~ and SD(X) =

nz-1
12 °

Normal Distribution

1. Standard Normal: N(0,1)

Standard normal density function (PDF): | f;(z) = ¢(2) = \/%e'%zz for z € (—oo, ).

Standard normal cumulative distribution function (CDF): [P(Z < z) = ®(2) = f_zoo ¢(x)dx| By transformation, we get
|[o(—2) =1—d(2)|

Expectation/Mean:[0] Standard deviation:

2. Normal: N(u, %)
We denote X = u + Zo, where Z~N(0,1). All formulae follow from this linear change of variable.

1
Density function (PDF): | fyx = Jz%e—z(’f-ﬂ)z/“z for x € (—oo, ).

Cumulative distribution function (CDF): [Fx(x) = P(X < x) = ® (?) for x € (—oo, o0).

Expectation/Mean: Standard deviation: [g]

Exponential
Distribution

We denote 4 as the rate of an exponential random variable T, where 4 > 0. The range is t € [0, o).

Density function (PDF): |fr(t) = 2e | t > 0.

Cumulative distribution function (CDF): |FT(t) =P(T<t)=1-eM|t>0.

Survival function: |P(T >t)=e M |
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Expectation/Mean: | E(T) =%

Standard Deviation:

SD(T) = %

Gamma Distribution

We denote r as the shape, where r > 0; 1 as the rate, where A > 0. The range is t € [0, o).

Density function (PDF): |f7(t) =

"“M;t,tzo.

)

I'(r) = fooo t"le

~tdt|, which is the gamma function.

*T'(r) = (r — 1)! For integer r.

Cumulative distribution function (CDF):

Expectation/Mean: |E(T;. ;) =/f1

Special cases:
1. gamma(1, 1) is exponential ().

Fr(t) =P(T, 3 <t)=P(Nyy=1)=1- Y52}

oAt ank
k!

Standard Deviation: [SD(T};) = ?

2. gamma(g, %) is chi-square(n), the distribution of the sum of the squares of n independent standard normal.

Transformations:

1. Scaling: T~gamma(r, 1) & AT~gamma(r,1)
2. Sums: For independent T-~gamma(ri,/1) and X, Ti~gamma(Z;r, A).

3. Ratios: For independent T, ; and Tsa 7

4. Higher moments: For s > 0, E[(TM) ] =

+T$
[(r+s)
r(as’

~beta(r, s) independent of the sum T, y + Ts y~gamma(r + s, ).

Beta Distribution

We denote r > 0 and s > 0. The range is x € [0,1].

Density function (PDF): |fx(x) =

B( s)

T 1(1 x)S—l

is the gamma function.

Cumulative distribution function (CDF):

Expectation/Mean: |E (X, ) = TT:

Special cases:

,0<x<1.|B(r,s) = f01 x" 11— x)5"tdx =

L)
[(r+s)

P(X,s<x)=23(31 T+f_1)xi(1 — )™ 0 <x < 1.

Standard Deviation: |SD(X,.)

1. r = s = 1: the uniform(0, 1) distribution.

T Grts)ristD)

VTs

is the beta function, and I'(r)
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2.r = s = %: the arcsine distribution.

T2

Section 5: Change of variables and CDF

Linear Change of _ — 1 (b
Variable for Densities | 'Y = X bl faxen () = ( )

lal a

One-to-One Change Let X be a random variable with density fyx(x) on the range (a, b).
of Variable for
Densities LetY = g(X) where g is either strictly increasing or strictly decreasing on (a, b). The range of Y is then an interval with endpoints g(a) and
g(b). And the density of Y on this interval is:

fr) =B herey = g ()

o
dy
The equation y = g(x) must be solved for x in terms of y, and this value of x substituted into fy (x) and dy/dx. This will leave an expression
for fy (y) entirely in terms of y.

Change of Variable If X has the same distribution as Y, then g(X) has the same distribution as g(Y), for any function g.
Principle
Cumulative Cumulative distribution function (CDF) of X is written as Fy(x) = P(X < x). For interval probabilities, we can approach itby P(a < X <b) =
Distribution Fx(b) — Fx(a).
Functions
A probability distribution over the line is completely determined by its CDF, which equals to 1.
Maximum and For any number x:
Minimum of (@) Xinax is less than or equal to x if and only if all the X’s are less than or equal to x.
Independent Random Frax(x) = P(Xipax < )
Variables =PX;<xX,<x,..,X, <x)

=P(X; < x)P(Xy < x) ..P(X,, < x)
= F{(x)F(x) ... Fy (x)

(b) X,nin is greater than x if and only if all the X’s are greater than x.
Fnin(x) = P(Xmin < %)
=1—-PXpnin > x)
=1 _P(Xl > x,XZ > x,...,Xn > x)
=1—-(P(Xy >x)P(X, >x)...P(X,, > x))
=1-(1-F@)(1-FEX)..(1 - FX)
Inverse CDF Applied | For any cumulative distribution function F, with inverse function F~1, if U has uniform (0, 1) distribution, then F~1(U) has CDF F.
to Standard Uniform

Section 6: Order Statistics
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Density of the kth
Order Statistic

Let X(xy denote the kth order statistic of X3, X, ..., X;,, where X, ..., X, are independent, identically distributed (iid) random variables with

common density f and CDF F. The density of X is given by | f) (x) = nf(x)(’,:j)(F(x))k_l(l — F(x))n_k

, where —oo < x < oo,

Beta Distribution of
Uniform Order
Statistics

The kth order statistic of n independent uniform (0, 1) random variables has beta (k, n — k + 1) distribution.
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